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For integers a and b such that 0~ Q < b, a graph G is called an [a, b]-graph if a s c&(x) s b 
for every vertex x of G and a factor F of a graph is called an [a, b]-factor if a s d&) i b for 
every vertex x of F. We prove the following theorems. Let 0 c 1 d k s r, 0 s s, 0 G u and 1 d t. 
Then an [r, r + s]-graph has a [k, k + t]-factor if ks d rt. Moreover, if (k - 0s + (r - k)u ~(r- l)t, 
then an [r, r + s]-graph has a [k, k + t]-factor which contains a given [I, 1+ u]-factor. 
We consider finite graphs which may have loops and multiple edges. Let G be a 
graph with vertex set V(G) and edge set E(G). For a vertex x of a subgraph H of 
G, we write L&(X) for the degree of x in H. In particular, G(x) is the degree of x. 
Let a and b be integers such that 0~ a s b. Then G is called an [a, b]-graph if 
a c b(x) 6 b for all x E V(G). Similarly, a spanning subgraph F of a graph G is 
called an [a, b]-factor of G if Q s L&(X) s b for all x E V(G). Let g and f be 
integer-valued functions defined on V(G) such that g(x) <f(x) for all x E V(G). 
Then a (g, f)-factor of G is a spanning subgraph F satisfying g(x)sd&) <f(x) 
for all x E V(G). For a subset S of V(G), we write G-S for the subgraph of G 
obtained from G by deleting the vertices in S together with the edges incident to 
vertices in S. If S and T are disjoint subsets of V(G), then e&S, T) denotes the 
number of edges joining S and T. 
Tutte [4] has shown that an r-regular graph (i.e. an [r, r]-graph) has a [k, k + l]- 
factor for every k satisfying 0 < k s r. Recently, Thomassen [3] gave a simple 
elegant proof to the following theorem, which is an extension of the above 
theorem: an [r, r + l]-graph has a [k, k + l]-factor for every k such that 0 e k s r. 
In this paper we shall first prove the next result which is an extension of the 
theorems mentioned above. 
Theorem 1. Let G be a graph and 8 be a real number such that 0 G 8 G 1. Suppose 
0012-365X/83/%3.00 0 1983, Elsevier Science Publishers B.V. (North-Holland) 
114 M. Kane, A. Saito 
two integer valued functions g and f defined on, V(G) satisfy 
g(x)<f(x) and g(x)s@&(x)%x) 
for all x E V(G). Then G has a (g, f)-factor. 
(1) 
Note that when g(x) < f(x) instead of g(x) <f(x), the sufficient condition, which 
is similar to Theorem 1, for the existence of a (g, f)-factor is rather complicated 
[2]. If G is an [r, r + s]-graph and ks < rt, then (1) in Theorem 1 holds for g(x) = k, 
f(x) = k + t and 6 = k/r, and we obtain the next corollary. 
Corollaq 1. L.et O<k<r, 06s and 1st. If kssrt, then an [r, r+s]-graph has a 
[k, k + t]-factor. 
In the proof of Theorem 1, we shall use the following (g, n-factor theorem due 
to Lov&z, to which Tutte [5] gave a short proof by using his f-factor theorem. 
Lemma (Lovssz [l], [5, Theorem 7.21). Let G be a graph and g and f be 
integer-valued functions defined on V(G) such that g(x) 6 f(x) for all x E V(G). 
Then G has a (g, f)-factor if and only if 
c d&t)- c g(t)+ c f(s)-e& T)-h(S, TPO (2) 
teT teT SES 
for all disjoint subsets S and T of V(G), where h(S, T) is the number of components 
C of G -(S U T) such that g(c) = f(c) for all c E V(C) and 
e&T, V(C))+ c f(c)=1 (mod2). 
CEV(C) 
Note that the condition 0s g(x) < f(x)< d&(x) in [l], [5] can be replaced by 
g(x) c f(x) as in the theorem. Furthermore, if g(x) < f (x) for every vertex x, then 
h(S, T) = 0 and so the condition (2) becomes simple. 
Proof of Theorem 1. Let S, T c V(G), S n T = $3. Then h (S, T) = 0 and we have 
c k(X)- c g(t)+ c f(s)-ec(S, T) 
Nl-@) c d&)+0 c d&)--e&, T) 
taT SCS 
a(l-O)e,(T, S)+Oe,(S, T)-e,(S, T)=O. 
Therefore, (2) holds and we conclude that G has a (g,f)-factor. ??
We remark that the condition in Corollary 1 is best possible. 
Remark. The complete bipartite graph I&+, does not have a [k, k + t]-factor for 
any k, t such that 0 skcr, 1st and ks>rt. 
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Proof. Let G denote the complete bipartite graph K,,,,,. Set S and T be the 
partitesetsof Gsuchthat]S)=randjTI=r+s,andputg=k andf=k+t.Then 
. C dGW-- C g(t)+ C fW-e&S, T)-h(S, T) 
t=T tET scs 
= r(r+s)-k(r+s)+(k+t)r-r(r+s)= rt-h<O. 
Then G does not have a [k, k + t]-factor. ??
We next give a sufficient condition for a graph to have a factor which contains a 
given subgraph. 
Themem2. LetO~I~k~r,I+u~k+t~r+s,r#2,r+s~2+u,O~s,O~uand 
1 s t. Let G be an [r, r + s]-graph and H be an [I, 1 -I- u]-factor of G. I’ 
(I-k)s+(k-r)u+(r-Z)taO (3) 
then G has a [k, k + t]-factor which contains H as a subgraph. 
If s = u = t, then (3) follows, and so we obtain the next corollary. 
CoroNary 2. Let O<Z<k<r and 1st. Then an [r,r+t)-graph has a [k, k+t]- 
factor which contains a given [I, 1 + t J-factor. 
Proof of Theorem 2. Let G be an [r, r + t]-graph and H be an [I, I + t]-factor of 
G. Let G’ = G-E(H) and g and f be functions from V(G’) into the set of 
integers defined by 
g(x) = k-&(x) and f(x) = k + t-d&) 
for all x E V(G’). If G’ has a (g, n-factor 
factor. Put 
(+J-~ r_~ and A= 
k+l-l-u 
r-l-s-l-u’ 
F, then F+ E(H) is a desired [k, k + t]- 
We shall show that G’, g, f and 8 satisfy (1) in Theorem 1. It is clear that 0 < 8 < 1 
and g(x)<f(x) for all x E V(G’). Since 
k = &+(I-O)l~Oed,(x)+(l--O)d&) and &(x)=&(x)-d&), 
we have g(x)< &f&x). Similarly, we have f(x) 3 Ad&) as 
k+t=A(r+s)+(l-A)(1+u)aA&(x)+(l-A)d,(x). 
By (3), we obtain A a 8 and so f(x) 2 @d&x). Consequently, (1) holds and the 
theorem follows. 0 
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